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ABSTRACT: Crack healing in polymers has several stages, namely, surface rearrangement, surface approach,
wetting, diffusion, and randomization. We present a microscopic theory of the diffusion and randomization
stages based on the reptation model of chain dynamics by de Gennes. The theory analyzes motion of chains
at the interface and calculates the average interpenetration distance x of polymer segments as a function
of time ¢ and molecular weight M. The theory predicts that, when fracture stress ¢ is proportional to x, (i)
0/0. ~ tV4M™3/4 for t < T,, where T, is the tube renewal time of the reptation model and o.. is the virgin
fracture stress, and (ii) the t1/* dependence persists for a wide range of M and also for time ¢ until ¢t becomes
comparable to T,. These results are in agreement with healing experiments.

1. Introduction

Crack healing in polymeric materials has been the sub-
ject of active investigations in recent years.!® When two
similar pieces of bulk polymer are brought into good
contact at a temperature above the glass transition, the
interface gradually disappears and mechanical strength at
the polymer—polymer interface develops as the crack heals.
This crack healing is primarily due to the diffusion of
chains across the interface. The chain diffusion across the
interface is a special type of mass transfer, which cannot
be described by the conventional diffusion equation. The
study of crack healing in polymers is important for the
understanding of the mechanical strength at a polymer—
polymer interface at the level of chain dynamics because
it is related to various polymer engineering problems such
as polymer—polymer welding and the preparation of a bulk
thermoplastic from small resin particles. Recently, Wool
and O’Connor® studied crack healing in terms of the fol-
lowing stages: (i) surface rearrangement, (ii) surface ap-
proach, (iii) wetting, (iv) diffusion, and (v) randomization.
By the end of the wetting stage, potential barriers asso-
ciated with the inhomogeneities at the interface disappear
and chains are free to move across the interface in the
following stages of diffusion and randomization. The latter
stages of diffusion and randomization are the most im-
portant ones because the characteristic strength of a
polymer material appears in these stages. The essential
features of chain motions in a bulk material consisting of
entangled random coil chains are properly described by
the reptation model, which was developed by de Gennes’
and later by Doi and Edwards.® The model has been
applied to the problem of crack healing at the polymer-
polymer interface by de Gennes,? Prager and Tirrell,’ and
Wool and O’Connor.® In the crack healing problem, there
is a basic question to be answered. The question is “How
does one relate the microscopic description of motion of
chains to the macroscopic measurements such as fracture
stress?” Also, the initial conformations of chains and even
the applicability of the reptation model in the case of
highly oriented initial conformation of chains on the sur-
faces of melts should be considered. There are no exact
answers to these questions yet. Therefore, one has to make
a number of assumptions in order to apply the reptation
model to the crack healing problem. The purpose of this
paper is to present an application of the reptation model
to the crack healing problem with assumptions and points
of view different from those in the previous works.>® In
section 2, the reptation model is briefly reviewed. Then
the concept of minor chains is introduced, which plays the
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central role in this paper. In section 3, chain motions at
the interface are investigated with the help of the concept
of minor chains. Here, quantitative analysis of chain
motions is performed. In section 4, mechanical measure-
ment such as fracture stress is related to chain motions
at the interface. Conclusions and discussion are made in
the last section.

2. Chain Motions in Amorphous Polymeric
Materials

In a bulk amorphous polymeric material, the motion of
a chain is greatly restricted by the entangelements of
neighboring chains. The reptation model is suitable to
describe the motion of a chain that is entangled with many
other chains. According to the reptation model, the con-
straints imposed on a chain by the entanglements of chains
effectively confine a chain inside a tube-like region.®® Due
to thermal fluctuations, a chain is conceived as wriggling
around in the tube. de Gennes’ argued that the wriggling
motions occur rapidly, that their magnitudes are small, and
that in a time scale greater than that of the wriggling
motions, a chain, on average, moves coherently back and
forth along the center line of the tube with a certain dif-
fusion constant, keeping its arc length constant. Therefore,
a chain as a whole executes a one-dimensional random
motion along the tube. The chain conformation at a given
moment is the same as the shape of the tube that confines
the chain at the same moment. For a chain to change its
conformation, it has to disengage itself from the tube that
was defined at an earlier moment. When a chain moves
“forward”, the “head” of the chain chooses its direction
randomly and when it moves “backward”, the “tail”
chooses its direction randomly. In order to see how a chain
disengages itself from the initial tube, chain conformations
at different times are shown in Figure 1. In Figure 1, the
tube defined at time ¢t = 0 (i.e., the initial tube) is shown
as two dotted lines at various times. Att = t;, some end
portions of the chain have already “escaped” from the
initial tube. The portions of a chain that are no longer in
the initial tube increase with time and will be referred to
as minor chains. The random coil spherical envelopes
enclosing the minor chain at different times are shown in
circles. A minor chain has length /(¢), which is an in-
creasing function of time ¢, and it has the conformation
of a random Gaussian chain. The minor chains are the
portions of chains that have lost the memory of the initial
conformations of chains. As the minor chains become
longer, the initial conformations are gradually replaced by
new conformations.

There are two basic time scales in the reptation model,
namely, T, and T,. The first one, T, is the time associated
with short-range wriggling motions of a chain in the tube;
T, is the amount of time taken for a chain to disengage
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Figure 1. Disengagement of a chain from its initial tube. The
emergence and growth of minor chains are also shown. T is the
tube renewal time.
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Figure 2. (a) Minor chains at different times t < T,. (b) In-
creasing spherical envelopes of minor chains at different times.

itself completely from the initial tube (T, is called the tube
renewal time). de Gennes’ showed that T, « M? and T,
o« M?, where M is the molecular weight of the linear chains.
Since M is typicaily large, T, is much smaller than T,. The
time scale of importance in a crack healing problem is in
the region of T, < t < T,. Therefore, T, will be ignored
from now on, with the understanding that ¢ is always
greater than T, when t > 0. In Figure 2a, the minor chains
at different times are shown. At ¢t = 0, only the locations
of the end segments are shown because the minor chains
start to grow at the end segments. The increase in length
of the minor chains is shown at times ¢, and ¢, in Figure
2a. In Figure 2b, the average shape and size of the en-
semble of minor chains that can emerge from a given initial
distribution of end segments are shown at different times.
The locations of the end segments at ¢ = 0 and the in-
creasing spherical envelopes of minor chains at ¢, and ¢,
are shown in Figure 2b. The concept of minor chains turns
out to be very useful when chain motions at the interface
are studied in the next section.

3. Chain Motions at a Polymer-Polymer Interface

3.1. Characterization of Chain Motions at the In-
terface. The conformation of two chains at the interface
before and after the stages of diffusion and randomization
are shown in Figure 3. At ¢ = 0, the chains are separated
by the interface. However, at ¢t 2 T, the chains cross the
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Figure 3. Conformations of two chains at the interface before
and after the stages of diffusion and randomization.
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Figure 4. Disengagement of a chain from its initial tube near
the interface. Only portions of the initial tube that still confines
part of the chain are shown.

interface, interpenetrate into the other side, and make
entanglements with chains of the other side. Let us con-
sider the motion of a chain at the interface from the point
of view of the reptation model. The conformations of a
chain at the interface are shown at different times in
Figure 4. At ¢t = 0, a chain and its initial tube at the
interface are shown. At ¢ = t,, the minor chains that have
“escaped” from the initial tube are shown. The minor
chains may assume any conformation of random chains
and they may also cross the interface. Only the portions
of the initial tube that still confines part of the chain are
shown. At a later time of ¢t = t,, the minor chains are much
longer. They may cross the interface many times and
penetrate into the other side more deeply. Small portions
of the chain are still confined in the initial tube.

Now let us consider the minor chains at the interface.
It can be shown that the distribution of end segments is
uniform when the chain conformations are equilibrated
with the surface (i.e., before the stages of diffusion and
randomization), and we assume that this is the case in this
paper. In Figure 5a, the minor chains that emerged from
one side of the interface (vertical lines) are shown at dif-
ferent times. It is important to notice that only minor
chains may cross the interface. Therefore, Figure 5a shows
the portions of chains that are responsible for the mass
transfer of chain segments across the interface. Att =0,
chain conformations at or near the interface are not in
equilibrium and chains are now free to cross the interface
while they are still separated into two groups. Then the
minor chains emerge and grow out of the initial none-
quilibrium conformations. The minor chains do not en-
counter any obstacles at the interface and they assume
spherically symmetric Gaussian conformations as they
interpenetrate across the interface (Figure 5b). The growth
and random Gaussian conformations of the minor chains
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Figure 5. (a) Motion of minor chains that have emerged from
one side of the interface. (b) Growth of the spherical envelopes
of minor chains that have emerged from one side of the interface.
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Figure 6. Conventional point of view of chain motions across
the interface.

constitute the diffusion and randomization of chains across
the interface. This point of view of motion of chains at
the interface may be compared with a more conventional
point of view,3% which is shown in Figure 8. Figure 6 is
the picture one would imagine if one tries to keep track
of motions of entire chains at the interface. Figure 5a,
instead, shows only those portions of chains (i.e., minor
chains) that contribute to the mass transfer across the
interface. The behavior of minor chains is easy to un-
derstand once the length of a minor chain, I(t), is obtained
as a function of time, ¢, and other parameters such as
molecular weight, M, because the conformations of the
minor chains are always Gaussian in the bulk and at the
interface as well. Let us consider a chain near the inter-
face. Let £ be the distance of an end segment from the
interface. Att = 0, the conformation of a chain with two
end segments at £ = §; and £ = £, is determined by the
partition function Z(£,&,) as

Z(E,&) = (7/#)1/2[exp{—‘y(£1 + 52)2} + exp{-v (¢ - Ez)éz])
1

where v = 1/2a2N, a is the length of one segment, and N
is the number of segments of a chain. However, at ¢t 2 T,
the equilibrium conformation is determined by Z,(£,,£,),
where

Z(£1,8) = (7/7)1/2 exp{—v(§ - 52)2} (2

which is Gaussian.

The stages of diffusion and randomization are charac-
terized by the transition of chain conformations from
Z(£1,8) to Z(£,E5). This transition is shown in Figure 7.
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Figure 7. (a) Average shape and size of a chain at the interface
before and after healing. (b) Segment density, p, of the chain in
(a) before and after healing.
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Figure 8. Coordinate of the one-dimensional random walk of
a chain in its tube for the derivation of {{).

In Figure 7a, the average shape and size of a chain at the
interface (solid vertical line) before and after the transition
are shown. The distance n from the location of the highest
segment density of that chain to the interface is shown to
be constant throughout the transition. In Figure 7b, the
segment density, p, of that chain before and after the
transition is shown. This transition is accomplished by
the time behavior of the minor chains. The time for this
transition to occur is the tube renewal time, T,. Therefore,
the stages of diffusion and randomization are finished by
the time t = T,. Even for ¢ > T,, chains of spherically
symmetric, Gaussian conformations diffuse across the in-
terface. However, this type of chain diffusion is irrelevant
to the crack healing problem of identical polymer chains.
When ¢ < T, the conformation of a chain near the in-
terface cannot be a Gaussian one because the overall
segment density of the polymer material is maintained
constant throughout the crack healing stages. Therefore,
the stages of diffusion and randomization are characterized
by the relaxation of conformation of chains from the
non-Gaussian to the Gaussian one. During the transition,
formation of links (or bridges) between the two blocks and
new entanglements between the two groups of chains are
all accomplished by the motions and growth of the minor
chains.

3.2. Analysis of Chain Motions at the Interface. In
order to derive I(t}, let us consider the one-dimensional
random walk of a chain in its tube as shown in Figure 8.
The £ axis is the curvilinear distance a chain travels and
the tube is shown as two dotted lines. At ¢ = 0, end seg-
ments A and B are located at ¢ = ~L and £ = 0, respec-
tively. The location of B after 7 steps of random walk is
denoted by £,. There are two distances, b and ¢, to be
considered, where b + ¢ = L is required. In this paper, we
derive (!}, the average of I(t). Let G(b,c,£,) be the fraction
of the number of walks of 7 steps from £ = 0 to £ = £,, with
two absorbing walls at £ = -b and £ = ¢. The end segment
B is not allowed to “touch” the absorbing walls. This is
given by
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G(bet,) = (6/7r)1/2 Z [exp(-B{2m(b + ¢) + &) +

exp(-B{2m(b + c) 52}) - exp(-8{2m(b + ¢) + 2b +
&%) — exp(=Bi2m(b + ¢) + 2¢ - &3] - (8/7)1/? exp(-BE2)
3)

where 8 = 1/20%r and a is the length of one step. The
length a depends on the overall segment density of a
system but it does not depend on the molecular weight.?
For the derivation of (I}, it is necessary to obtain J(b,c,£,),
which is the fraction of the number of random walks of
7 steps from £ = 0to £ = £, for -b < £, < ¢ with at least
one “touch” at § = -b where b + ¢ = L. This is because
when the end segment B arrives at £ = -b, the part of the
initial tube from £ = -b to £ = 0 is destroyed. The length
of the minor chain of end segment Bis b + £.. The same
rule applies to the end segment A. This is related to
G(b,c,t,) as follows:

=al
Jb.ek) = a5-Glbes) 4)

The average of [, that is, (I}, is equal to (b) due to the
symmetry of the chain motion with respect to the “head”
and “tail” of the chain. Therefore, we have

(H =
L L-b L-b
Joabb f e JbL-bg)/ [ de JBL-bED 6)
From (3), (4), and (5), {I) is given by
(1) = Ry(x) /ky(x) (6)
where
k (x) =
a Z [(6m + 2) erf (Zmx + x) - (6m + 1) erf 2mx) —
(2m + 1) erf 2mx + 2x) + 2m erf 2mx - x)] (6a)

and

ky(x) = Z [exp{~(2mx)¥ - 2 exp{-(2mx + 2x)%} +

1/2

expi-(2mx + 2x)%] + alL Z {(m + 1) erf 2mx + 2x) -

(m + 1) erf 2mx + x) - m erf 2mx) +
m erf (2mx - x)] (6b)

where x = L/(2a%r)!/2 and erf (x) is the error function of
variable x.
The asymptotic form of ([} at early times, that is, when
a?r < L2, is obtained as follows.
lim [erf (x)] ~ 1 - exp(~x?) /(7Y/%x) (7

F ]

From (6) and (7), we have

(ly =~ a(@n/7)'/%(1 - exp{-L?/2a>r}) (8)
when a?r < L% The conversion from  to ¢t is given by
= 2Dt /a? 9

where D is the curvilinear diffusion constant, which is
proportional to 1/M.” Therefore, we have

(Iy =~ 2(Dt /=)'/?[1 — exp{~L?/2Dt}] (10a)
From (10a), we find that
(Iy = 2(Dt /=)1/? (10b)

until ¢ becomes comparable to T, since T, ~ L?/(2D) and
t < T,. This is an important result. de Gennes derived
eq 10b by using scaling arguments,? too. It shows that at
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Figure 9. Coordinate of the one-dimensional random walk of
a chain in its tube for the derivation of «,.

early times of diffusion and randomization, ([) is pro-
portional to t1/2, The relation of () = t'/2 applies to a wide
range of values of M at early times because of the expo-
nential term in (10a). Once (l) is obtained, the average
interpenetration distance of chains or the number of links
(or bridges) and others can be calculated easily. So far,
only (I}, the average of I(¢) is calculated. In reality, /()
has a distribution around (I). Also, {I) should approach
L/2 as t — «. These aspects are considered now. Let o,
be the fraction of number of chains that have disengaged
themselves completely from their initial tubes at time t.
In order to derive «,, let us define f(¢,,L,t) as the proba-
bility that a one-dimensional random walk that starts at
£ = ¢, will terminate at £ = 0 for ¢ > 0 when there are two
absorbing walls at £ = 0 and ¢ = L (see Figure 9). In
Figure 9, the initial locations of the end segments are
denoted as A and B, and the initial tube is shown as two
dotted lines. We need to define another quantity H(£,,L,t)
as the probability that a one-dimensional random walk
that starts at £ = £, will terminate at { =Qor £ =L att
when there are two absorbing walls at ¢ = O and ¢ = L
This is given by

H(EI’L,t)
Then «, is given by

= j;tdt J;Ldél H(,Lt)/ f “dt f Ldgl H(,Lt) =

EFTW* nm”/{v«nw
v=1 v v=1

It is obvious that o, —> 1 as t — =, From (12), we find that
a, =~ 0 until £ becomes comparable to T, due to the expo-
nential term and the factors of 1/»? in the numerator.
Therefore, for 0 < ¢t < T, it may be assumed that o, = 0.

Next, let us check if (I) approaches L/2 ast — ». When
t — «, the following form of G(b,c,£,) is more useful to

derive ([).
2 i (wmb). am(b + §) %
b+c,,,=1sm b+ec s b+ec
r2a?m?t
- 13
exp[ 2(b + c)2] a3
From (13), (4), and (5) (1) is given by

r2am? 1= (=D™
I = (L/z)zexp “mt][ ()]

w2a?m?t = m2a? m2t 1-(- 1)’"
(L2+0/5m ][ ]

m2a?m?t
L2
From (14), it is clear that lim, ... ({) = L/2.
Other quantities such as the average number of links (or
bridges) at the interface or the average interpenetration
of segments into the opposite side of the interface can also

= f(&,L,t) + f(L-£,L,t) (11)

G(bet,) =

(14)
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Figure 10. Segment density, p, of minor chains and the average
interpenetration distance x.

be calculated through the analysis of the motion of the
minor chains at the interface. In this paper, only the
average interpenetration distance, x, of segments is defined
and calculated in the next section for the connection be-
tween a mechanical measurement and the motion of chains
at the interface.

4. Mechanical Measurement

Healing experiments have been conducted on most
categories of polymeric materials recently.® It is difficult
to relate these mechanical measurements to motion of
chains at the interface since there is no clear understanding
of the connection between these two levels of crack healing
phenomena. We shall present our point of view on this
problem for fracture stress o, where o is equal to the real
fracture stress minus the fracture stress due to wetting.®

As mentioned in section 3, l(t) has a distribution around
(1), and the fraction of the number of chains that have
disengaged themselves from the initial tube is given by «,.
Let o be the fracture stress as a function of time ¢. In
general, we may assume that ¢ has the following form:

L
o= e+ (1- ) j; dl P())o, (15)

where o is the contribution to ¢ from a chain that has
disengaged itself completely from its initial tube, o, is the
contribution to ¢ from a minor chain of length [, and P(l)
is the normalized distribution of /. As shown in section
3, a, is negligible except when ¢ becomes comparable to
T.. Therefore, o is approximately given by

L
o =~ j; dl P())a, (16)

for0<t< T,
Next, we make an assumption that all minor chains have
the same length, (I). Then o is given by

g = U(l) (17)

This means that for 0 < ¢t < T, o is mostly due to the
minor chains whose average length is equal to (/). This
is in accordance with our observation in section 3 that only
minor chains cross the interface for 0 < ¢t < T,. In order
to find o, as a function of (1), let us consider the average
interpenetration distance, x, of segments that have crossed
the interface. The segment density distribution of a ran-
dom Gaussian chain is also a Gaussian one. Since the
minor chains are uniformly distributed, we have the seg-
ment density of minor chains as shown in Figure 10. In
Figure 10, y is the coordinate that is perpendicular to the
interface (the interface is at y = 0), and the segment
density, p, of individual minor chains that emerged from
the region of ¥ > 0 is shown as bell-shaped curves. Att
> 0, some of the segments that belong to these minor
chains have already diffused into the region of y < 0. The
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Figure 11. Average interpenetration distance x and the minor
chains of one side of the interface at different times.

distance x is the average distance of these segments from
the interface. According to this definition, x is given by

X = j;mdyoj;wdy y X
exp[—%’(;(—l};)z]/j;mdyoﬁmdy X

(.3’0+y)2
-—— 1 (18
eXp[ 202(0) ]( )

From (18), we have
x « ()2 (19)

The distance x at different times is shown in Figure 11.
In order to find the proper form of ¢, let us consider o.,,
which is the fracture stress of a polymeric material of
molecular weight M in its virgin state. It is observed
experimentally®'%-1® that for a variety of random coil
polymers that

o, « M2 (20)

for a wide range of M. Also, from (14) and (19) we find
that x. = M2,

Let us define x.. as the average interpenetration distance
of segments of a polymeric material in its virgin state
across an imaginary plane. The precise definition of x..
is given by (18), with the replacement of (I) with L (the
length of a chain). Then we find that

0o & Xa (21)
Now we assume that
o= x (22)

for the following reasons. First, the minor chains are
uniformly distributed everywhere and they always have
Gaussian conformations. Second, the number of minor
chains does not change with time for 0 < ¢ < T,. From
these aspects and (21), the assumption of (22) is made.
Additional reasons for this assumption are found in ref 6.
From (10b), (19), (17), and (22), we have

o < (t/M* (23)

for0<t< T,

The relation (23) is observed experimentally by Wool
and O’Connor.® From the analysis of the motion of chains
at the interface in section 3, we believe that (23) is valid
for a wide range of M and for 0 < ¢t < T, except when ¢
becomes comparable to T,. When ¢ ~ T,, the stages of
diffusion and randomization are essentially completed and
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the region of t > T, is of no further interest in this paper.
Finally, from (20) and (23) we have

0/, < ti4/ M3/4 (24)

5. Discussion and Conclusions

We have presented a theory of the stages of diffusion
and randomization in crack healing of polymeric materials.
We studied these stages of crack healing with the following
idealizations: (i) All chains have the same length, (ii) up
to t = 0, chains are not allowed to cross the interface, (iii)
at t = 0, chains start to diffuse across the interface and
all obstacles to the motion of chains across the interface
disappear, and (iv) the initial tube of a chain is assumed
to be fixed in space. In reality, the tube itself may undergo
fluctuations. However, this effect is shown to be negligible
for time 0 < ¢t < T,.1112

We have the following conclusions:

(i) The stages of diffusion and randomization are
characterized by the relaxation of chain conformations
from the initial non-Gaussian to the final Gaussian con-
formation. This relaxation is achieved by the emergence
and growth of minor chains.

(ii) The motion of minor chains results in the inter-
penetration and entanglement of the previously separated
group of chains across the interface.

(i}i) The fracture stress ¢ depends on t and M as ¢ « t1/4
M4,

(iv) The t!/* dependence persists for a wide range of M
and also for the time ¢ for 0 < ¢t < T until ¢ becomes
comparable to T,.

Four microscopic models have been suggested to explain
the time dependence of mechanical property recovery
during healing. (i) Prager and Tirrell’ assume that the
crossing density of molecular contacts or bridges, p, is the
controlling factor. (ii) de Gennes® assumes that the num-
ber of bridges, p, across the interface is important. (iii)
Jud, Kausch, and Williams* assume that the center-of-mass
Fickian interdiffusion distance, Y, is important. (iv) We
assume that the monomer segment interpenetration dis-
tance, x, is the controlling factor. There is agreement
between all groups that the time dependence of the frac-
ture energy, Gyc, essentially increases as Gic ~ t/? and that
the fracture stress o, or the stress intensity factor Kic,
behaves as K¢ ~ t'/* during healing. However, any model
that is used to describe the time dependence of mechanical
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properties must simultaneously predict both the molecular
weight dependence of the healing rate and the molecular
weight dependence of the virgin state. Consider the mo-
lecular weight dependence of G;c during healing and in the
virgin state, Gic(«), for each model. (i) Prager and Tirrell’s
model predicts that Gic ~ t2M-3/2 and Gig(=) ~ M, i.e.,
independent of M for all values of M. (ii) de Gennes’
model predicts the same results as Prager and Tirrell’s
model. (iii) Kausch’s model predicts that Gic ~ t/2M-!
and Gc(=) ~ MY2 (iv) Our model predicts that Gjc ~
t/2 M~1/2 and Gio(») ~ M. Experiments on glassy poly-

mers and uncured elastomers strongly support our mod-
el.15-16
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